In this paper, we study the evolution of a dense system of gluons, such as those produced in the early stages of ultra-relativistic heavy ion collisions. We describe the approach to thermal equilibrium using the small angle approximation for gluon scattering in a Boltzmann equation that includes the effects of Bose statistics. In the present study we ignore the effect of the longitudinal expansion, i.e., we restrict ourselves to spatially uniform systems, with spherically symmetric momentum distributions. Furthermore we take into account only elastic scattering, i.e., we neglect inelastic, number changing, processes. We solve the transport equation for various initial conditions that correspond to small or large initial gluon phase-space densities. For a small initial phase-space density, the system evolves towards thermal equilibrium, as expected. For a large enough initial phase-space density the equilibrium state contains a Bose condensate. We present numerical evidence that such over-populated systems reach the onset of Bose-Einstein condensation in a finite time. The approach to condensation is characterized by a scaling behavior that we briefly analyze.
Introduction
It has been argued recently [1] that the gluonic systems created in the early stages of nucleus-nucleus collisions contain more gluons than can be accommodated by a Bose-Einstein equilibrium distribution. More precisely, the dimensionless number n/ 3/4 , with n the number density and the energy density, exceeds typically the maximal value allowed by a thermally equilibrated Bose distribution function. We shall refer to such systems as "over-occupied". For initial conditions where all modes are occupied uniformly up to the saturation scale Q s , with occupation factor of order 1/α s , the over-occupation parameter is n/ 3/4 ∼ 1/α 1/4 . It can therefore be large when the coupling constant α s is small
1 . Under such conditions, if the kinetic of the approach to equilibrium is dominated by processes that conserve the number of particles, a Bose condensate will develop as the system evolves towards equilibrium.
In this paper, we study this phenomenon using a Boltzmann equation for gluons in the small angle scattering limit. The virtue of the small angle approximation is that it converts the transport equation into a Fokker-Planck equation that is much easier to solve. Such an equation has already been used to study some features of the thermalization of the quark-gluon plasma [2] . However, both in [2] , and in the numerical study presented in Ref. [3] , the quantum Boltzmann equation was treated only in the regime of small occupations, and the possible amplification of soft modes by Bose statistical factors was not considered. It is assumed in these works that the plasma frequency provides an infrared cutoff on the energy of the soft modes, that prevents the occupation factor to grow as the momentum becomes vanishingly small. However, if elastic scatterings play a dominant role, one may expect a chemical potential to quickly develop. This will eventually cancel the effect of the plasma frequency, thereby allowing the unlimited growth of the soft modes that can drive the system towards condensation.
The nature of such a condensate in non abelian gauge theories raises a number of conceptual issues that will not be addressed here. In fact, in QCD, inelastic processes eventually preclude the existence of a condensate in equilibrium. Whether a transient condensate forms dynamically is an interesting open issue. Our present study reveals a robust tendency for the rapid growth of soft modes, enhanced by the Bose statistical factors. A recent study of the effect of inelastic scatterings within the same context [4] suggests that this rapid growth is not tamed by number changing processes, but on the contrary may be amplified. The issue of BEC formation has also been addressed in the context of cosmology [5] . There, the relevant dynamics is that of a scalar field, and the condensate has a natural definition in terms of the expectation value of the scalar field. Evidence for the formation of a transient condensate has been obtained in classical statistical field simulations of scalar fields [6, 7] . Classical statistical field simulations have also been performed for gauge fields with, however, no clear-cut conclusion yet (see e.g [8] , and references therein). Clearly more work is needed before we have a clear picture of how important this phenomenon is for the thermalization of the quark-gluon plasma in ultrarelativistic heavy ion collisions.
2
But aside from its relevance to the thermalization of the quark-gluon plasma, the kinetics of condensation is an interesting problem in itself. Thus, in the present paper, we shall leave aside many important aspects of the dynamics of a quark-gluon plasma at weak coupling 3 , and focus on an idealized situation, that of a static system of gluons in a box, with an isotropic momentum distribution, and study how such systems evolve towards equilibrium, starting from over-occupied initial conditions. Analogous problems have been addressed in other contexts. Close to our study are the works of Ref. [5] for the massive scalar field, and that of Ref. [11] for the non relativistic atomic gases. We depart from those studies in that we consider a system of gluons, instead of scalar particles or non-relativistic atoms. We solve the Boltzmann equation in the small angle approximation, instead of the full Boltzmann equation; this approximation is legitimate in QCD where the dominant scatterings are at small angles. And finally we consider massless particles, so that the dispersion relation is ultra-relativistic instead of non relativistic as it is in the works just quoted. However, as in these works, we find that the onset of condensation is preceded by a scaling regime, which we briefly analyze. Note that the kinetic equation that we used in this paper allows us to describe the system only up to the onset of condensation. We defer to a later publication the discussion of the kinetics in the presence of a fully developed condensate.
The plan of this paper is as follows. In the next section we review briefly the properties of the transport equation in the small angle approximation. In the following section, we discuss the two types of solutions that are expected, depending upon whether the system is initially under or over populated: in the first case, the system evolves towards a Bose-Einstein equilibrium distribution at large times; in the second case, the onset of Bose-Einstein condensation is reached in a finite time. These two cases are studied numerically in Sects. 4 and 5, respectively. Sect. 6 summarizes the conclusions and discuss natural extensions of the present study.
The Transport Equation in the Small Angle Approximation
We describe the system of gluons that is produced in an ultra-relativistic heavy ion collision in terms of a distribution function in phase-space, scatterings, involving a small momentum transfer between the colliding gluons. The matrix element is then dominated by the t and u channels, and can be simplified.
Under the assumption that small angle scatterings dominate, one can in fact reduce the transport equation to a Fokker-Planck equation describing diffusion in momentum space [13] . This is achieved by writing the collision integral as the divergence of a current J (p) in momentum space,
A standard calculation yields [13] 
with
and
dq/q, where q max it typically of the order of the temperature, while q min is determined by screening effects, that is, q min ∼ m D , where m D is the Debye screening mass. We will take L to be a constant in our analysis. A discussion of the effects of possible variations of L with time in a similar context can be found in [3] . 4 The momentum integrations in Eq. (5) can be performed and yield
where ξ = 18L/π, and I a and I b are the following integrals
The integral I a plays the role of a diffusion constant (to within numerical constants and the Coulomb logarithm, this is the proportionality coefficient between the current and the gradient of f ), while I b is proportional to the Debye screening mass, m
Note that for an equilibrium distribution function f eq (p), the integrals I a and I b are simply related: I a = T I b . We have indeed
where we have performed an integration by part and used the property ∂f eq /∂p = −f eq (1 + f eq )/T . It follows in particular that the current J vanishes for the Bose-Einstein distribution f eq , and that this distribution is therefore a stationary solution of the Boltzmann equation.
At this point, we redefine the time and set
Then the transport equation reads simply
Note that after the rescaling of the time, the transport equation contains no parameters. It is a universal equation, whose solutions are entirely determined by the initial conditions. In the case where f 1, one can replace f (1 + f ) by f in the equation, and similarly in the integral I a . One then recovers the equation used earlier in Refs. [2, 3] to study the thermalization of the quark-gluon plasma. Finally, the non-local character of this equation is worthemphasizing: although Eq. (11) looks like a local partial differential equation for the function f (τ, p), there is in fact a non-linear coupling with the entire solution through the integrals I a and I b which enter as coefficients of the equation.
In the case of an isotropic system, the transport equation takes the form
It can also be written in terms of the current J (τ, p)
with J (τ, p) given by
The equation (11) preserves the basic conservation laws of particle number, and energy: it can indeed be easily verified through an explicit calculation that the particle density n = p f (p) and the energy density = p pf (p) are independent of time. It is instructive to perform this verification on the form (13) of the transport equation. To do so, consider the number n p 0 of particles (of a given species) in a sphere of radius p 0 . We have
By taking the time derivative of n p 0 , and using Eq. (13), we obtain
where F(p) is the flux of particles crossing a sphere of radius p (counted positively if the flow is away form the origin). Clearly F(p 0 ) vanishes as p 0 → ∞ and, in the absence of condensation, F(0) = 0. This ensures that particle number is conserved. Similarly, for the energy density p 0 contained in a sphere of radius p 0 ,
we have
The arguments used above for the density can be invoked here to show that the first two terms vanish as p 0 → ∞. As for the integral, it can be written as
Then, recalling the definitions (8) of I a and I b , we get an exact cancellation in the r.h.s. as p 0 → ∞. This is because p 0 0 dp p
0 dp p 2 (2f /p) to within surface terms that vanish in the limit p 0 → ∞. It is worth noticing that while the particle number conservation follows just from the fact that the time derivative of f (p) is the divergence of a current, the conservation of energy involves explicitly the integrals I a and I b .
Initial conditions and two types of solutions
We shall be interested in this paper in following the time evolution of the distribution function f (τ, p), as given by the transport equation (12), starting from some initial condition. We shall assume that the phase space density is independent of spatial coordinates and is isotropic in momentum.
For the typical initial conditions that will be considered in this paper, one expects generally two types of solutions: some lead at late time to a thermal Bose-Einstein distribution function; others show a transition, in a finite time, to a Bose-Einstein condensate. Which solution is attained depends typically on one parameter characterizing the considered family of initial conditions. To illustrate this point, consider the static, isotropic case, with a particular family of initial conditions of the generic form f (p) = f 0 g(p/Q s ), where Q s fixes the scale of momenta, and g(q) is normalized so that
A particularly simple distribution is that inspired by the color glass (CGC) picture [1] 
with Q s the saturation scale. With this initial distribution, we have
with 0 and n 0 the initial energy density and number density, respectively. The value of the parameter n −3/4 that corresponds to the onset of Bose-Einstein condensation, i.e., to an equilibrium state with vanishing chemical potential, is obtained by taking for f (p) the ideal distribution for massless particles at temperature T . One gets then SB = (π 2 /30) T 4 and n SB = (ζ(3)/π 2 ) T 3 , so that
Comparing with n 0 When f 0 < f c 0 the system is initially under-populated, and will evolve to a Bose-Einstein distribution function (see Eq. (9)), with a finite (negative) chemical potential. This evolution, that takes place at fixed number density and energy density, is accompanied by a growth of the entropy
A simple calculation yields
which shows that the entropy ceases indeed to grow when f is an equilibrium distribution function: this follows immediately from the conservation laws that we have just discussed, or alternatively, from the vanishing of the current J (p) in equilibrium. In the present context, the study of the current J (p) in momentum space turns out to be a useful tool to follow the process of thermalization.
The current J (p) is given in Eq. (14) . It is composed of two terms. The first term, proportional to I a and to the gradient of the distribution can be associated with a diffusion process that takes particles from region of high phase-space density to region of low phase-space density. The other component of the current, proportional to I b is simply proportional to the magnitude of f (more precisely to f (1 + f )). It is negative, and drives therefore particles towards the low momentum region, and it is most intense in the regions where f is large. Initially, the diffusion current will concern only the high momentum modes (for the CGC initial conditions). However, when low momentum modes are substantially populated, a competition sets in between the two components of the current, leading eventually to equilibrium.
In order to get some more orientation on how the system evolves towards equilibrium, it is instructive to evaluate the integrals I a and I b at the initial 5 Note that we have assumed in this estimate a single species of gluon. In principle we should multiply both and n by the degeneracy factor ν = 16. This will change the over-occupation parameter by a factor ν 1/4 . However the same factor would also enter the ideal gas values, so that f c 0 is unchanged.
time. We get
It is also useful to introduce the following quantities The quantity T * is an effective temperature. This interpretation will be made more transparent in the next section, but the fact that it goes over to the equilibrium temperature as the system thermalizes is clear from Eq. (9) and the discussion around. Similarly, α * will be seen to be related to a (negative) effective chemical potential µ * , α * = |µ * |/T * , and is a measure of the value of the distribution function at zero momentum. For the initial distribution (20), α * is given by Eq. (26) with f (0) = f 0 . For the equilibrium distribution (see Eq. (9)), f eq (0) = 1/(exp(−µ/T ) − 1), so that, in equilibrium, α = |µ|/T . In Fig. 1 , we show the variations with f 0 of the equilibrium values T and α. One sees that T and T * follow the same smooth variations with f 0 , and the same holds for α and α * , with α vanishing at the critical value of f 0 . For a given initial f 0 < f c 0 , one expects therefore thermalization to be generically accompanied by a decrease of both T * and α * .
When f 0 > f c 0 , the system is initially over-populated and the equilibrium state contains a Bose-Einstein condensate. That is, the equilibrium distribution is of the form
with n c and T determined by the initial density and energy density. We can calculate the equilibrium temperature from the initial energy density
while α = µ = 0. The value of the condensate can be extracted from the expression of the density given in Eq. (27) above. The variation of T with f 0 is displayed in Fig. 2 . One sees that the presence of the condensate makes it milder than in the under-populated case, while T * remains linear in f 0 . It follows that the gap between the initial effective temperature and the equilibrium one increases. Note however that the equilibrium temperature is not the temperature at which Bose condensation will set in. As we shall see, the temperature at the onset for BEC is actually higher than T (and not too much lower than T * when f 0 is large). In the present study, we are not in a position to follow the evolution of the system beyond the condensation point. This would require modifying the transport equation to take into account the time evolution of the condensate and the coupling between the condensate and the non condensed particles. Such a study will be presented in a forthcoming publication. Here, we shall only study the onset of condensation and provide numerical evidence that the overoccupied system reaches this point in a finite time.
4 The under-occupied case: approach to thermal equilibrium
In this section, and the next one, we present a detailed numerical study of the solution of the transport equation (13) in the two regimes f 0 < f c 0 (this section) and f 0 > f c 0 (next section). We consider CGC motivated initial distributions of the form given by Eq (20). However, in order to avoid the divergence in ∂ p f (p) that would occur with the step-function distribution, we use in our numerical studies the following smooth function
with the numerical constant a = 10. For this particular family of initial distributions, the critical value of f 0 is f c 0 = 0.1675. We use a momentum grid with typically 0 ≤ p/Q s ≤ 5, and a grid size ∆p ≤ 0.01 (finer meshes have also been used in some cases). The time step is chosen of the order of 10 −5 . The numerical computation perfectly conserves particle number; it also conserves energy to better than 0.05% in the longest evolution.
In order to facilitate the comparison of different initial conditions, it is convenient to redefine the time τ so as to incorporate the change in time scale caused by changes of f 0 , i.e., τ → τ f 0 (1 + f 0 ). Thus, in all results presented in this section and the next,
This redefinition of τ makes it explicit that in the regime where f 0 ∼ 1/α 1, the coupling constant drops out from the relation between t and τ . We absorb the change in the normalization of τ by simultaneously redefining the integrals I a,b : we setÎ a,b = I a,b /f 0 (1 + f 0 ). The equations (13) and (14) become then
(31) Figure 3 shows the typical time evolution of the distribution function, starting from an under-populated initial condition (here, with f 0 = 0.1). The approach to equilibrium proceeds by a gradual modification of the momentum distribution, the momentum region around Q s being gradually depleted in favor of an increase of the population of softer and harder modes. A striking feature, particularly visible in the linear plot (left panel of Fig. 3 ), is the rapid growth of the population of low momentum modes. This is analyzed in the next subsection.
The growth of the small momentum modes
We have already emphasized in the previous section that the current contains two contributions, one that can be associated to diffusion and that is proportional to the gradient of the distribution, the other being simply proportional to f (1+f ), and negative. A plot of the initial current is shown in Fig. 4 , where the large and negative component is clearly visible. The (positive) diffusion part only affects the high (p Q s ) momentum modes where f presents a strong (negative) gradient. This form of the initial current is responsible for the rapid growth of the population of the small momentum modes.
At later times, the form of the current is strongly constrained by the transport equation. To see that, let us integrate Eq. (31) from 0 to p 0 Q s . We get
where we have assumed that p 2 J (p) → 0 as p → 0 (in the absence of condensation, there is no net flux of particles at the origin). This equation implies that as long as f (p) and its time derivative are regular as p → 0, then J (p) vanishes linearly with p. This is because, for p 0 small enough, we may assume f to be constant ≈ f (0) inside the sphere of radius p 0 and integrate the l.h.s. of Eq. (32) to get
This condition is non trivial. It implies a subtle interplay, already alluded to, between the global information contained in the integrals I a and I b , and the local properties of the solution.
To understand better how this condition (33) can be satisfied by the current (14), we observe that at small momenta, the distribution function quickly adjusts its shape to a local distribution function. This is because the collision rate is large at small momenta: in fact, the collision rate (1/f )∂ τ f diverges as 1/p at small p when J is constant. 6 Furthermore, collisions change small momenta by amounts of order one, hence can drive the soft modes quickly to equilibrium. Note finally that soft particles scatter predominantly on hard ones (because these are most numerous), rather than on soft ones. Thus we may expect the small angle approximation to remain reasonably accurate (it would not be so if collisions among soft particles were dominant). Let us then assume that at small p, f (p) deviates slightly form an equilibrium distribution, for which the current vanishes. That is, we assume that for small p, f (p) is of the form
where f * (p) is chosen so that
At this point, we assume that one can ignore the feedback of the change of the distribution function on the values of the integralsÎ a andÎ b . 7 In other words, we regard Eq. when we analyze what happens when µ * → 0, that is, when one approaches the condensation point.
At this stage, we note that the property of the current to be linear at small p cannot be satisfied at very early time. Initially, indeed, the current is negative and nearly constant at small p. In fact we see from Eq. (31) that a current constant at small p entails the development of a 1/p contribution to f (p), which when acted upon by the Laplacian present in the kinetic equation, generates a δ-function singularity. However, the singularity is not strong enough to allow for a condensate to develop. What happens instead is a transient regime where gradually the current goes into its expected linear behavior. This transient regime is illustrated in the right panel of Fig. 4. 
Thermalization in the under-populated regime
We turn now to the description of the overall evolution towards equilibrium in the under-populated case f 0 < f c 0 . Fig. 5 displays the variations of the effective temperature T * , and the effective chemical potential as the quantity α * = |µ * |/T * . As discussed at the end of the previous section, these two quantities must decrease in order for the system to reach equilibrium. As seen from 20. Note however that this concerns only the lowest moments of the distribution function. The high momentum tail of the distribution reaches its equilibrium value only asymptotically. For instance, we have verified that the higher moments of the distribution evolve more slowly than T * and µ * .
It is also interesting to consider the current J (p) as well as the flux F(p) = 4π 2 J (p) as a function of time. These quantities are displayed in Fig. 6 . The plot of the flux (left panel of 
The over-occupied case: onset of Bose-Einstein condensation
Now we turn to the over-populated case, namely the case f 0 > f c 0 . For definiteness, most plots presented in this section correspond to f 0 = 1, and CGC initial conditions (except at the end of the section, where other initial conditions are considered). In this case, the system in equilibrium contains a Bose condensate. As mentioned earlier, we cannot, with the simple equation (31), follow the system all the way to equilibrium, but we can study the threshold for the development of the condensate, and show that this occurs in a finite time τ c .
A plot of T * and µ * as a function of τ is given in Fig. 7 , for various values of f 0 . The dependence of T * and µ * on f 0 at early times can be qualitatively understood from Eqs. (26) which show that for large f 0 , the initial value of T * grows linearly with f 0 , while α * decreases with increasing f 0 , and so does |µ * |. Note that the equilibrium is not fully reached at the onset of condensation, so that the notions of temperature and chemical potential are not well defined there. That is, T * and µ * keep their meaning of effective temperature and chemical potential characterizing the small momentum part of the distribution function, as discussed earlier. In order to reach full equilibrium, the thermal part of the distribution (i.e. that part of the distribution that concern particles not in the condensate) will continue to evolve as condensation proceeds. This tendency is illustrated in Fig. 9 which shows that the rate of the entropy production weakens as one approaches τ c , but does not vanish at τ c . Of course, as we have already emphasized, what happens beyond τ c can only be studied with a full set of equations that include the coupling between the condensate and the termal particles.
We also wish to stress the crucial role of the Bose statistical factors. With the "linear" version of the kinetic equation that was used in Refs. [2] and [3] , one finds that, for the same over-populated initial condition, the system evolves to a classical Boltzmann distribution with a positive chemical potential, rather than reaching the onset of Bose condensation.
A more general view of the onset of condensation in terms of the current and flux of particles in momentum space is provided by Fig. 10 . Particularly noteworthy is the behavior of the current at small momenta: instead of decreasing smoothly as in the under-populated case, it exhibits a strong increase (in absolute value), suggesting a singular behavior as τ approaches τ c . In fact, as we shall see, the low momentum region follows a simple scaling behavior that characterizes the onset of Bose-Einstein condensation.
In order to understand better how the singularity associated to Bose-Einstein condensation develops as τ approaches τ c , we return to the small p analysis, and study the limit |µ * | → 0. In the calculation of the integral p 0 0 dp p 2 ∂ τ f (p), we can approximate the distribution function by the classical equilibrium distribution, that is f * (p) ≈ T * /(p−µ * ), with the parameters T * and µ * function of τ (|µ * |, p 0 T * ). A simple calculation yields (y ≡ p 0 /|µ * |):
with |µ
From the discussion above we know that η 1. 8 As for the temperature, it is a regular function of τ near τ c . The scaling function h 1 (y)/y 2 is an increasing function of y, that varies between 0 and 1/2 as y runs from 0 to infinity. In the expression of the current, it multiplies a regular function of τ , ∂T * /∂τ . The scaling function h 2 (y)/y 2 is also a regular function of y, but it is multiplied by a divergent quantity as τ approaches τ c . One concludes then that, at small p, and for τ very near τ c , the second contribution to the current dominates, so that
This scaling function is plotted in Fig. 11 (left panel), assuming η = 1, together with the corresponding function representing the flux F(p) (right panel). One recognizes the characteristic small p behaviors already identified in Fig. 10 , in particular the 1/p singularity of the current, and the corresponding linear behavior of the flux. For small values of y, h 2 (y)/y 2 ∼ −y/3, so that, in terms of p 0 , the slope of the current diverges at small p at the onset. Also, the function h 2 (y)/y 2 has a minimum at y ≈ 1.567. In terms of p 0 the corresponding minimum goes to zero as one approaches the onset for condensation.
To complete the picture, we have plotted in Fig. 12 the function f (p) in a logarithmic scale, at very small p. This illustrates how the 1/p tail of the distribution function develops. At τ c , the distribution function diverges as 1/p, but it remains finite at p = 0 as long as µ * is non vanishing.
We conclude this section by presenting results corresponding to different initial conditions. As we argued before, we expect the growth of low momentum modes to be a robust feature of the transport equation, for a large class of relevant initial conditions. As an illustration we have considered a Gaussian initial distribution of the form:
with the numerical constant a = 0.73 and b = 4. The calculation is done for f 0 = 1.37, which corresponds to an over-populated case (for the Gaussian initial condition (48) f c 0 = 0.43). We expect then the system to reach the onset of Bose-Einstein condensation. And it does. In contrast to the color glass initial condition (29), this distribution contains only hard modes to start with, so that the low momentum tail takes more time to build up. However this build up is accelerated by the diffusive part of the current since now the initial distribution presents a positive gradient at small p. And indeed, as shown in Fig. 13 , soft modes quickly appear in the system, and the distribution rapidly acquires a form that is similar to that of the CGC initial condition. At later times, the characteristic singular universal behavior that signals the proximity of BEC is clearly visible in the plot of the current in the right panel of Fig. 13 .
Conclusion
In this paper, we have provided numerical evidence that a system of gluons with an initial distribution that mimic that expected in heavy ion collisions reaches the onset of Bose-Einstein condensation in a finite time. This was obtained by using kinetic theory, with a quantum Boltzmann equation in the small angle approximation, which reduces then to a Fokker-Planck equation that can be solved with elementary numerical techniques. The role of Bose statistical factors in amplifying the rapid growth of the population of the soft modes has been emphasized. With these factors properly taken into account, one finds that elastic scattering alone provides an efficient mechanism for populating soft modes, that could be competitive with the radiation mechanism invoked in the scenario of Ref. [14] .
The present study suffers from a number of obvious limitations that need to be addressed before any conclusion can be reached regarding the relevance of the phenomena discussed here to the thermalization of the quark-gluon plasma. Natural extensions of the present work are being studied. These include the effect of the longitudinal expansion, the evolution of the system after the onset of condensation, the (approximate) treatment of inelastic scatterings. We shall report on these issues in forthcoming publications.
